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Arithmetic intensity and stencil algorithms

—~Arithmetic intensity Stencil algorithm
> I=0/D, ) < Grid corresponds to a data array, but )
< O is the number of arithmetic memory layout is not specified.
operations, <P Uniform stencil applied to each point.
< D is amount of data traffic to a
memory level. ta Exampleﬂ

<& Has different value for each memory O Q ©
level.
< s proportional to performance for <> <> Q Q
memory bound problems.
< May be improved with tiling / <> <> Q
G

temporal blocking.

P Is th bound?
s there an upper boun L > )




—~Cache model
<& Single cache level.

<P Fully-associative.
< Holds all data tile needs for
calculation.

< Discards tile data after it has been
calculated.

Exampleﬂ
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—~Brunn—Minkowski inequalities in R™

&\Q *

M RN PEIAEY Simplified cache model
Definition (Minkowski sum)
V(A+B={a+blacAbe B} '

_—~Arithmetic intensity for tile T’

=T, !
< |T| is the number of points in T.
® D=|T+S\T|
3 S is the stencil.
T
dI=—.
|T + S| —|T|

R

> Contmuous )
L’(A—l—B) >£(A) +L(B)n,
O L(A) is Lebesgue measure of A.

> Discrete . X .
|A+ B|n > |A|n+n!"n (|B| —n)» .




Simplified cache model

—~Cache model

<& Single cache level. )
<P Fully-associative.
< Holds all |[T'+ S| — |T'| data points.
< Discards tile data after it has been
calculated.
o Example“
,x y

_—Arithmetic intensity for tile Tﬁ

T

P I=—— .
T+ S| —|T|

—~Brunn—Minkowski inequalities in R”ﬁ

» Discrete1 ) )
A+ BJ% > [A]" +nl"% (B - n)* .

_~Isoperimetric-like inequality derivationﬁ

T+ 5] = [T]+ 1|Ti (18— )




Simplified cache model

—~Cache model \ —Arithmetic intensity for tile T’

& Single cache level. oI T i
<& Fully-associative. T+ S| - T

—
< Holds all |[T'+ S| — |T'| data points.
<& Discards tile data after it has been

—~Brunn—Minkowski inequalities in R™
> Discrete

~J

calculated. |A+B|n > |A| Lt (1B - n)
i Example“ e
—Isoperimetric-like mequalityﬁ
nl 1
N———
o IT|
: : . : . : : . P lIsoperimetric ; > (|T+S| e
ii ; & For Diamond Tile —*— —— 1

L T N (2k+1) k—o00 4
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CIINS RN BEIESY More realistic cache model

—~Cache model
<& Single cache level.

<P Fully-associative.

P Holds-all-datatile needsfor
ealeulation:

> Di s tile d b |
calculated.

N—————

)

Example—~
N T R St

T

< Uncached loads occur only through
solid arrows.

P Cache size D¢ache is larger than
cross-section.

L P For this example: T = D¢yope.




I HEIREY More realistic cache model

—~Cache model
<& Single cache level.

<P Fully-associative.
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—Conjecture

\

,-(t:ontinuous cache fragmentﬁ

For a stencil algorithm in n-dim plus

time: I < C - YD, )
>~ cache

t4




Geometric locality model

How to estimate C7

1. Describe a model of continuous tilings.
2. Show that every discrete tiling corresponds to at least one continuous tiling.

3. Use the continuous model to obtain an intensity limit using an isoperimetric-like
inequality.

y.



Geometric locality model

~Atomic tiling

Restrictions on the stencil~

<& Tiling is a general tessellation / ) & Full-dimensional
honeycomb. <& Bounded
<& Tiling provides a way to split big task & Centrally symmetrical (space part)

in smaller ones. L <P Convex

J

<P Atomic equals valid.
—

Example~

—~Underlying space

<P Vector space with a norm.

<P Dependencies described with the
cone Coney (similar to light cone in
Minkowski space).

<P Base of the dependence cone is a
metric ball corresponding to a norm.




IRt ANl Continuous dependence model

Definition- . - - \ Example
If the interior of tile B intersects with the
dependence cone of tile A, then A
depends on B.
Example Theorem—— . . \
G ' Every atomic tiling consists of conoids.
B4 B5 BQ Bg El
LT o _ Proof
D /”Bg B, A For any given shape other than a conoid,
R AN there is other tile, which simultaneously
L . :

T _ L depends and is dependent on it. O]

Definition (Conoid)

We will call a set A conoid iff A = 1 Note— - — 2\
A+ Tnt (—Coney) N 4 + Tnt (Concy). I Tiling which consists of conoids is not

necessarily atomic.
fﬁ



Geometric locality model

Atomic tilings

Example~
N J
—~Proposition \

Tiling with exactly two conoids is atomic.
We call such tilings binary.
—

—~Proposition

Tiling is atomic iff it can be produced by
an intersection of binary tilings.
—

Intersection of two atomic tilings is )
atomic.
—~Theorem \

P If case

<> Direct consequence of

propositions.
<P Only if case

<» For atomic tiling there exist a
total order on tiles, which is
compatible with dependencies.

< For any tile T" we can split the
tiling into two sets:

O T~ = every tile before T,
O Ts> =T and every tile after
it.

O {T.,T>} is the atomic tiling.
< Intersection of all such tilings
gives the initial tiling.

O

Proof~

J/




Nl AN A Discrete and continuous correspondence

Theorem o 5 ; . ” )
' There exists an atomic tiling corresponding to any given valid discrete tiling.

Proof sketch—~

1. There exists an atomic tiling:

1.1 each tile contains at most one point of the lattice,
1.2 dependence relation on tiles which contain points equals to dependence relation
on points.

2. It is possible to join tiles in atomic tiling to get another atomic tiling.

3. The set of rules governing such joins is the same as for joining tiles in a valid discrete
tiling to get a valid discrete tiling.

4. A valid discrete tiling can be constructed from points using valid joining rules.

L 5. The same joins may be performed for the atomic tiling in the step 1. =
Example (Obtaining the limit)
L For the example scheme: I < D .che- j
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Lifting restrictions RGN

Y4

e D> e > o
R T %
e > e [> o
O 4+ O 4+ O

)
A
@
A
L

Example—

a\f

~Transformation

@ for subgrid
< for subgrid
A\ for subgrid

¢ for subgrid
—

(0
(
(
(

(z=2).

,0), we add z =0,
1,0), we add z = —1,
0,1), we add z =1,
1,1), we add z = 2.

P zis a periodic axis,
(= -2) =

1 [



IIEEEoead g Convexity

Example (transformed)—

o



IS igtedny Non-convex tilings

~Initial kernel

for (int t=0; t<T-2; t++) {
for (int i=2; i<N-3; i++) {
for (int j=2; j<M-3; j++) {

}r o}
—

~Transformed kerne

ACt+11[4i10j1 = £CACtI0i-2103]1, ACtI[i-11031, ACtlCil031, ALel[i+11[3],

ACtI[i+21[j1, ACt10i10j-21, ACtlC0i10j-11, A[¢104i103+11, ALtl[il1[j+21);

for (int t=0; t<T-2; t++) {
for(int i=2; i<N-3; i++) {
for(int j=2; j<M-3; j++) {
for (int p=0; p<2; p++){
for (int q=0; q<2; q++){
if ((i%2==p) && (j%h2==q)) {

}rYrrro}
—

Aft+11[4i1[j]1 = £CALt]1[i-2]1C31, ACtI[i-11[31, ACt][il[;],
A[t1[i+11031, ALt]1[i+21[;],
ALl [i103+1), ALtI[il[j+21);

ACtl[il0j-21, ACeI[il(j-11,

s [



IS igtedny Non-convex tilings

~Initial kernel

\ Old dependence cone \
for (int t=0; t<T-2; t++) { +i+7+2t>0.
for (int i=2; i<N-3; i++) {

fogl(;int 3225 J<M-35 3 A New dependence cone \
}} o} > +itjtptqg+2t>0.
— P> All tiling hyperplanes allowed by
~ Transformed kernel \ initial loop are also allowed by the
for (int t=0; t<T-2; t++) { nNew one.

for (int i=2; i<N-3; i++) {
for (int j=2; j<M-3; j++) {
for (int p=0; p<2; p++){

Example (new allowed tiling)

for (int q=0; q<2; q++){ <& Tiling hyperplanes:
if ((i%2==p) && (j%2==q)) { Di+p+2t=0,

51; o =
Yrr Jrat=0,

N———

L P —i—j—p—q+2t=0,

w



<& Geometric inequalities help to estimate the upper bound on arithmetic intensity of a
stencil algorithm.

< We propose a conjecture that a bound has a form I < C'{/Decache.

<& The continuous geometric locality model was introduced to simplify estimations of
C'in the asymptotic limit.

< The opportunity to lift the model restrictions was demonstrated on the example of
non-linear transformation.

<& Same transformation may be useful to extend the space of achievable tilings in
polyhedral model.

15 [



Thank youl
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