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x ≥





pj ,1pj ,2pj ,3 

; . . . ;
∑ pj = bj



∑pj = bj is 
ontext 
onstraint.p-ve
tor values 
an found by LP problem.Results in proper UA.Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 14 / 1
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rease m× n  ŝ2m × n(ŝ : average sparsity fa
tor)Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 15 / 1
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omparisonComparison of AlgorithmsMedian LPVariants ✗ ✔ One-shot, IndependentCost(Strongly polynomial) ✔ ✗ 1 LP 
all per(P, m)Feasibility guarantee ✗ ✔ One-shotSize in
rease m× n  ŝ2m × n(ŝ : average sparsity fa
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Empiri
al Evaluation SetupEmpiri
al FrameworkFramework:Experiments done in PLuTo1.PolyBen
h2 ben
hmarksCode in C/C++ (uses PIP/PolyLib/FMLib)Polyhedral 
hara
teristi
s:Most dependen
e-polyhedral 
onstraints are TVPI.A TVPI 
onstraint is always a UTVPI 
onstraint.Low sparsity ŝ ≃ 4 & independent of n (#dimensions).Need for dupli
ation elimination (even synta
ti
).Testing:Feasibility: PIPS
hedule: using UA(P), usual 
ost fun
tion and PIP1http://pluto-
ompiler.sour
eforge.net/2http://www.
se.ohio-state.edu/~pou
het/software/polyben
hUpadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
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Empiri
al Evaluation Feasibility TestFeasibility of UA(P): Median Method
Feasibility of UA systems on PolyBench kernels

Median Method
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Empiri
al Evaluation Feasibility TestFeasibility of UA(P): LP-Independent Method
Feasibility of UA systems on PolyBench kernels

LP Independent Method
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Empiri
al Evaluation Exe
ution TimeGenerated Code Comparison (Par)Details: S
hedule found using UA(P), usual 
ost fun
tion and PIP.
gemver mvt seidel

Performance Speedups of Generated Code

Benchmarks
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heduling.Sub-Polyhedra (TVPI/UTVPI) o�er better guarantees
=⇒ s
alability in s
heduling (pre
ision vs. 
ost tradeo�)Contributions: Sub-Polyhedral (TVPI/UTVPI) UA algorithmsMedian method and LP based methods(-) in
rease in system size(m × n  ŝ2m × n)(+) vertex method quadrati
 formulationLinear formulation (polynomial time)(+) UA(P) 6= φ for 
onsiderable (29/45) 
ases(+) generate 
ode using UA systemsTexe
(P) ∼= Texe
(UA(P))Experimental eviden
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oup!)Challenges:A s
alable guarantee for UA(P) 6= φ.No strongly polynomial time approximation possible?Future work:UTVPI approximation =⇒ Bellman-Ford polyhedra
=⇒ Θ(mn) polyhedral s
heduling: our estimate of lower bound.Per dependen
e implementation.Code generation for all feasible 
ases.Take home message: We think that sub-polyhedral s
hedulingis possible using (U)TVPI systemswill help beat the s
alability 
hallenge.Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 21 / 1



Wrapping up Con
lusions and Future WorkMer
i et QuestionsMer
i Beau
oup!Paul FeautrierCédri
 Bastoul, Armin GröÿlingerReviewers (IMPACT 2011, 2012)�Truth is mu
h too 
ompli
ated to allow anything but approximations� �John von NeumannQuestions?Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 22 / 1
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ExtraHomogenization-Polarity FrameworkPH homog
−−−−→

CH polar
−−−→

KV OA−−→ KVa depolar
−−−−−→

CHa dehomog
−−−−−−→

PHa[Step 0℄ PH: Input P , the Polyhedron to be under-approximated.[Step 1℄ PH homog
−−−−→

CH: C = Homog(P).[Step 2℄ CH polar
−−−→

KV : K = C ∗ (the Polar of C ).[Step 3℄ KV OA−−→ KVa : K ⊆ Ka.[Step 4℄ KVa depolar
−−−−−→

CHa :[Step 5℄ CHa dehomog
−−−−−−→

PHa :Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 23 / 1



ExtraApproximation S
hemeHomogenization-polarity framework: P ⊇ Pa ⇐⇒ K ⊆ KaK = 
one{( aT1b1 )

, . . . ,

( aTjbj )

, . . . ,

( aTmbm )

,

( 01 )}K ∈ 
one (Ka)K j =









aj ,1aj ,2aj ,3bj 







∈ 
one









t j ,11 t j ,12 0t j ,21 0 t j ,230 t j ,32 t j ,33pj1 pj2 pj3 









= 
one(T j)Context 
onstraints:T j = {t j ,11 + t j ,12 = aj ,1; t j ,21 + t j ,23 = aj ,2; t j ,32 + t j ,33 = aj ,3; pj1 +pj2+pj3 = bj}Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 24 / 1



ExtraPolyhedral Chara
teristi
s: FPHSCoP FPHBen
h #L #S #D PFPH n m̂ m̂T ˆ‖ Smk ‖ m̂E m̂Uadi 12 4 54 3 21 200 65 5 1844 614
or
ol 12 6 14 3 23 22 13 5 130 77
ov
ol 13 7 26 3 25 18 14 4 29 55dsyr2k 3 1 3 3 8 8 6 3 11 18dsyrk 3 1 3 3 8 8 7 3 11 18fdtd-2d 11 4 48 3 21 96 35 6 1010 367gemver 7 4 13 2 15 21 15 4 48 47ja
obi-1d 4 2 10 2 11 32 14 5 232 104ja
obi-2d 6 2 14 3 13 65 15 7 1135 212lu 5 2 10 3 11 35 17 5 232 106matmul 3 1 3 3 10 9 7 4 20 24mvt 4 2 11 2 10 20 12 3 46 52seidel 3 1 27 3 9 33 15 5 168 179ssymm 8 3 15 3 15 15 10 3 22 36strmm 3 1 4 3 8 12 8 3 20 30tmm 3 1 3 3 10 11 8 4 23 30Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 25 / 1



ExtraPolyhedral Chara
teristi
s: DS/DIRSCoP DS/DIRBen
h #L #S #D PDS PDIR n m̂ m̂Tadi 12 4 54 90 564 10 20 19
or
ol 12 6 14 38 194 10 17 16
ov
ol 13 7 26 41 228 16 25 24dsyr2k 3 1 3 9 18 9 18 17dsyrk 3 1 3 9 18 9 18 17fdtd-2d 11 4 48 39 168 11 22 21gemver 7 4 13 29 161 7 13 12ja
obi-1d 4 2 10 16 88 8 14 13ja
obi-2d 6 2 14 21 84 10 19 18lu 5 2 10 12 60 12 23 22matmul 3 1 3 9 18 11 21 21mvt 4 2 11 31 68 7 13 12seidel 3 1 27 37 162 13 24 23ssymm 8 3 15 33 126 9 19 19strmm 3 1 4 8 24 9 17 16tmm 3 1 3 9 18 11 21 21Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 26 / 1



ExtraExe
ution Time Comparison
Perf. Comparison (Se
onds)Ben
hmark Orig Par Cur Par New Tiled Cur. Tiled Newgemver 0.31 0.15 0.15 0.15 0.15mvt 1.40 0.27 0.28 0.42 0.43seidel 11.8 3.6 3.6 11.5 11.5

Upadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
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ExtraMore Future WorkAlgorithmi
:Dire
t UTVPI-UA algorithm similar to LP methodIntegration with Bellman-FordCost fun
tion approximationCloseness of UA wrt. originalParametrization?Implementational:Per-dependen
e method integration and feasibility statsDupli
ate 
onstraints eliminationCloser integration with PLuTo: YY 
asesO�ine/Online methodUpadrasta Cohen (INRIA) TVPI Sub-Polyhedral S
heduling IMPACT 2012, Paris 28 / 1
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